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Abstract  

This paper present a  novel method for forecasting enrollment  

based on  Contex-Aware approach. Hedge Algebras (HA)  with 

The fuzzy parameters to determine  the fuzziness intervals which  

used to quantify the values of fuzzy time series. The intervals are 

determined through the fuzziness intervals and adjusted fuzzy 

logical relationships. Each value language (terms) have two 

semantics: The semantics described by fuzzy set, which Often 

depends on the person's subjective, who assigns  membership  

function for fuzzy set and its inherent semantics  are defined by 

the context of the problem under review. HA has role unified  

two types of semantics by through data of  the problem to 

identify its the fuzzy parameters.This means  the forecasting 

enrollment has been solved by the Context-Aware  approach. 

The experimental results, forecasting enrollments at the 

University of Alabama, demonstrate that the proposed method 

outperforms the others listed methods. 

Keywords: Forecasting, Fuzzy time series, Hedge algebras, 

Enrollments, Intervals, Context-Aware 

INTRODUCTION 

         Fuzzy time series originally created in 1993 by Song 

and Chissom [1] and applied to forecast the enrollments at 

University of Alabama [2-3]. All steps in the procedure of 

using fuzzy time series to forecast time series fall into three 

phases, Phase 1: fuzzifying historical values, Phase 2: mining 

the fuzzy logical relationships, Phase 3: defuzzifying the 

output to get the forecasting values. In 1996, Chen [4] opened 

the new study direction of using fuzzy time series to forecast 

time series. In this study, Chen suggested the idea of  utilize 

the intervals in the formula of computing the forecasting 

values only using the arithmetic operators. Sine then, clearly, 

it seem to be that Phase 1 stronger affects the forecasting 

accuracy rate. We can see that the step of partitioning the 

universe of discourse belong to Phase 1. 

Partitioning the universe of discourse is the essential 

issue in the method of using fuzzy time series as a tool for 

forecasting time series. Indeed, product of partitioning the 

universe of discourse are the intervals as the source that 

provide the values in the future of time series. So, the better 

method to partition the universe of discourse we have, the 

better forecasting values we get. Normally, the method of 

partition the universe of discourse can be divided into two 

types through resulted intervals, equal or not the sized 

intervals. From the empirical results in the list, apply the 

second type gives the forecasting accurate rate better than the 

other. Thus, the recent researches focus on the second 

method. 

There have been pretty much method of partitioning 

the universe of discourse such as paper [5] is the first research 

confirmed the important role of partitioning the universe of 

discourse, this employed distribution and average based 

length as the way to solve the problem. In turn, [6] proposed 

frequency density, [7] suggested the ratios and [8] use 

modified genetic algorithm as basis to improve quality of 

intervals. Information granules are applied in [9-11] to get 

good intervals on the universe of discourse.  By the hedge 

algebras approach [12-13] presented the method of 

partitioning the universe of discourse. According to this 

approach, fuzziness intervals are used to quantify the values 

of fuzzy time series that are linguistic terms. These fuzziness 

intervals are employed as intervals on the universe of 

discourse. 

Based upon the fuzziness intervals of values of fuzzy 

time series, distribution of historical values of time series and 

adjusted fuzzy logical relationships, we can get the intervals 

on the universe of discourse. This is the way that the proposed 

method perform. 

The rest of this paper is organized as follows: Section 

2, briefly introduce some basis concepts of HA; Section 3 

presents the proposed method; Section 4 presents empirical 

results on forecasting enrollments at University of Alabama; 

Section 5 is the conclusion of this paper. 

1. PRELIMINARIES 

In this section, we briefly recall some concepts associated 

with fuzzy time series and hedge algebras. 

1.1. Fuzzy time series 
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Fuzzy time series are first introduced by Song and 

Chissom in 1993 [1], it is considered as the set of linguistic 

values that is observed by the time. Linguistic values are also 

called linguistic terms.  

It can be seen that conventional time series are 

quantitative view about a random variable because they are 

the collection of real numbers. In contrast to this, as the 

collection of linguistic terms, fuzzy time series are qualitative 

view about a random variable.  

There are two types of fuzzy time series, time-invariant 

and time-variant fuzzy time series. Because of practicality, the 

former are the main subject which many of researchers focus 

on.  

In most of literature, the linguistic terms are quantified 

by fuzzy sets. Formally, fuzzy time series are defined as 

following definition 

Definition 1. Let Y(t) (t = …, 0, 1, 2, …), a subset of R1, be 

the universe of discourse on which fi(t) (i = 1, 2, …) are 

defined and  F(t) is the collection of  fi(t) (i =1, 2, …). Then 

F(t) is called fuzzy time series on Y(t) (t =…, 0, 1, 2, …). 

Song and Chissom employed fuzzy relational 

equations as model of fuzzy time series. Specifically,  we 

have following definition: 

Definition 2. If for any fj(t)  F(t), there exists an fi(t - 1)  F 

(t - 1) such that there exists a fuzzy relation Rij(t, t - 1 ) and fj 

(t) = fi(t - 1)  Rij(t, t - l) where 'o' is the max-min 

composition, then F(t) is said to be caused by F(t - 1) only. 

Denote this as 

fi(t - 1)  fj(t) or equivalently F(t - 1)  F(t) 

In [2-3], Song and Chissom proposed the method 

which use fuzzy time series to forecast time series. Based 

upon their works, there are many studies focus on this field. 

 1.2. Some basis concepts of Hedge Algebras 

In this section we refer to paper [14] to briefly 

introduce some basis concepts in HA, these concepts are 

employed as basis to build our proposed method. 

HA are created by Ho Cat Nguyen and et al. in 1990. 

This theory is a new approach to quantify the linguistic terms 

differing from the fuzzy set approach. The HA denoted by AX 

= (X, G, C, H, ), where, G= {c+, c-}is the set of primary 

generators, in which c+ and c- are, respectively, the negative 

primary term and the positive one of a linguistic variable X, C 

={0, 1, W} a set of constants, which are distinguished with 

elements in X, H is the set of hedges, “” is a semantically 

ordering relation on X. For each x X in HA, H(x) is the set 

of hedge uX that generated from x by applying the hedges of 

H and denoted u = hn…h1x, with hn,…, h1H. H = H+  H-, 

in which H is the set of all negative hedges and H+ is the set 

of all positive ones of X. The positive hedges increase 

semantic tendency and vise versa with negative hedges. 

Without loss of generality, it can be assumed that H-= {h-1<h-

2< ... <h-q} and H+= {h1<h2< ... <hp}. 

If X and H are linearly ordered sets, then AX = (X, G, 

C, H, ) is called linear hedge algebra, furthermore, if AX is 

equipped with additional operations  and  that are, 

respectively, infimum and supremum of H(x), then it is called 

complete linear hedge algebra (ClinHA) and denoted AX = 

(X, G, C, H, , , ). 

Fuzziness of vague terms and fuzziness intervals are 

two concepts that are difficult to define. However, HA can 

reasonably define these ones. Concretely, elements of H(x) 

still express a certain meaning stemming from x, so we can 

interpret the set H(x) as a model of the fuzziness of the term x. 

With fuzziness intervals can be formally defined by following 

definition. 

Definition 3. Let AX = (X, G, C, H, ) be a ClinHA. An fm: X 

 [0,1] is said to be a fuzziness interval of terms in X if: 

(1).  fm(c)+fm(c+) = 1 and ( ) ( )
h H

fm hu fm u


 , 

for uX; in this case fm is called complete;  

(2).  For the constants 0, W and 1, fm(0) = fm(W) = 

fm(1) = 0; 

(3).  For x, y  X, h  H, 
( ) ( )

( ) ( )

fm hx fm hy

fm x fm y
 , that is 

this proportion does not depend on specific elements and, 

hence, it is called fuzziness measure of the hedge h and 

denoted by (h). 

The condition (1) means that the primary terms and 

hedges under consideration are complete for modeling the 

semantics of the whole real interval of a physical variable. 

That is, except the primary terms and hedges under 

consideration, there are no more primary terms and hedges. 

(2) is intuitively evident. (3) seems also to be natural in the 

sense that applying a hedge h to different vague concepts, the 

relative modification effect of h is the same, i.e. this 

proportion does not depend on terms they apply to. 

The properties of fuzziness intervals are made clearly 

through following proposition. 

Proposition 3. For each fuzziness interval fm on X the 

following statements hold: 

(1).  fm(hx) = (h)fm(x), for every x  X; 

(2). fm(c) + fm(c+) = 1; 

(3). )()(
0,

cfmchfm
ipiq i  

, c {c, c+};  
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(4). )()(
0,

xfmxhfm
ipiq i  

; 

(5).    1
)(

iq ih  and    pi ih
1

)( , 

where ,  > 0 and  +  = 1. 

HA build the method of quantifying the semantic of 

linguistic terms based on the fuzziness intervals and hedges 

through  mapping that fit to the conditions in following 

definition. 

Definition 4. Let AX = (X, G, C, H, , , ) be a CLinHA. A 

mapping  : X  [0,1] is said to be an semantically 

quantifying mapping of AX, provided that the following 

conditions hold: 

(1).   is a one-to-one mapping from X  into [0,1] and 

preserves the order on X, i.e. for all x, y  X,   x < y  (x) < 

(y) and (0) = 0, (1) = 1, where 0, 1  C; 

(2). Continuity: x  X, (x) = infimum (H(x)) and 

(x) = supremum (H(x)).  

Semantically quantifying mapping  is determined 

concretely as follows. 

Definition 5. Let fm be a fuzziness interval on X. A mapping 

 : X  [0,1], which is induced by fm on X, is defined as 

follows: 

(1). (W)  =   = fm(c), (c) =   − fm(c) = 

fm(c), (c+)  =  + fm(c+); 

(2). (hjx) = (x) + 

 


j

jSigni jjij xhfmxhxhfmxhSign
)(

)}()()(){(  , 

where j  {j: qjp &  j0} = [-q^p] and(hjx)

},{)])(()(1[
2

1
  xhhSignxhSign jpj

; 

(3). (c) = 0, (c) =   = (c+), (c+) = 1, and 

for j  [q^p] ,  

(hjx) = (x) + Sign(hjx) 




)(

)(
)}()({

jsignj

jsigni i xfmh   

2

1
(1Sign(hjx))(hj)fm(x), 

            (hjx) = (x) + Sign(hjx)






)(

)(
)}()({

jsignj

jsigni i xfmh  + 
2

1
(1+Sign(hjx))(hj)fm(x).  

The Sign function is determined in the following 

Definition 6.  A function Sign: X  {1, 0, 1} is a mapping 

which is defined recursively as follows, for h, h' H and c  

{c, c+}: 

(1). Sign(c)    =  1, Sign(c+) = +1;  

(2). Sign(hc)    =  Sign(c), if h is negative w.r.t. c; 

Sign(hc) = + Sign(c), if h is positive w.r.t. c; 

(3).  Sign(h'hx) =  Sign(hx), if   h’hx  hx and  h' is 

negative w.r.t. h; 

     Sign(h'hx) = + Sign(hx), if   h’hx  hx and  h' is 

positive w.r.t. h. 

  (4).  Sign(h'hx)  = 0  if   h’hx = hx. 

2. PROPOSED METHOD 

For convenience to present proposed method, we name the 

linguistic values of fuzzy time series as the variables Ai with i 

 N. Rer(x) and Revrfm(x), respectively, are the reversed 

mapping of (x) and fm(x) from [0, 1] to the universe of 

discourse of fuzzy time series, U. Denote Ik, on U, as the 

interval corresponding to Ak . 

2.1. Rule for adjusting the fuzzy logical relationships 

We can adjust the fuzzy logical relationships to 

improve forecasting result depending upon the concrete 

forecasting problem. The rule for adjusting is as follows: 

With Am is the linguistic term that we are considering. 

If Rer(Am) is the semantically quantifying mapping of Am on 

the universe of discourse, then one also is the semantic core of 

Am. If the other values belonging to the fuzziness interval of 

Am, then they are semantically equal to Rer(Am), that mean 

they together reflex the meaning of Am. If a is the value that 

belong to Am(+)1 and | Rer(Am) – a| > | Rer(Am-(+)1) – a|, then 

a is more close semantic with Am-(+)1 than Am. So, we can 

extend fm(Am(+)1) cover up a. 

2.2. Method for  partitioning the universe of discourse   

We name the proposed method is VL 

Step 1: Determine the U, the universe of discourse of fuzzy 

time series F(t). U = [Min.F(t) – D1, Max.F(t) + D2], where 

D1 and D2 are two proper positive numbers. 

Setting n is the number of intervals that we would like 

to divide on the universe of discourse. 

Step 2: Building the Clin HA with only two hedges, h-1 and 

h+1, AX = (X, G, H, , , ) corresponding to linguistic 

variable that is considered as fuzzy time series F(t). That 

mean determining the set of parameters of AX. 
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Using above HA generate n linguistic terms which use 

to qualitatively describe time series. The way to determine 

these linguistic terms as follows: 

Applying two hedges, h-1 and h+1, on the primary 

generators c- and c+, from left to right to generate the 

linguistic terms. 

If the number of linguistic terms are less than, one 

interval, the number of intervals that we need to divide, then 

find the interval that contain maximum amount of historical 

values, assuming that this interval corresponding to the 

linguistic term Ai. From Ai generating two linguistic term h-1Ai 

and h+1Ai. 

Step 3: Calculating the average of values of F(t), �̅�(𝑡); 

Calculating W and µ(L) as follows: 

µ(h+1) =  W =
�̅�(𝑡)−𝑀𝑖𝑛.𝐹(𝑡)

  𝑀𝑎𝑥.𝐹(𝑡)−𝑀𝑖𝑛.𝐹(𝑡)
  (*),  

Where Min.F(t) and Max.F(t), respectively, are the 

max and min of historical values of F(t). 

Step 4: Based upon the distribution of historical values, put 

them into the corresponding linguistic term’ fuzziness 

interval. 

2.3. Algorithm for forecasting 

Step 1: Apply VL to partition the universe of discourse. 

Step 2: Mine the fuzzy logical relationships: Ap Aq, where 

Ap and Aq, respectively, are the linguistic values of  F(t) and 

F(t+1). 

 Set the group of fuzzy logical relationships having the same 

left side: At  Au(m)… Av (n), m, …, n are the number of 

iterations of fuzzy logical relationship At  Au and At  Av. 

Adjust the fuzzy logical relationships following rule 3.1. 

Step 3: Compute the forecasting values: 

Suppose that the value of the time series at t-1, ft, if ft belong 

to Revfm(At), then 

       The forecasting value at t is  
𝑚∗𝑅𝑒𝑟(Au)+⋯𝑛∗𝑅𝑒𝑟(Av) 

𝑚+⋯..𝑛
  (**) 

3. EMPIRICAL RESULT 

In this section we test the proposed method on the time 

series that are enrollments at University of Alabama. This 

time series have been used in many previous studies.  

We apply proposed method for 7 and 17 intervals. 

(1) (2) (3) (1) (2) (3) 

1971 13055 A1 1982 15433 A2 

1972 13563 A1 1983 15497 A2 

1973 13867 A1 1984 15145 A2 

1974 14696 A2 1985 15163 A2 

1975 15460 A2 1986 15984 A3 

1976 15311 A2 1987 16859 A5 

1977 15603 A3 1988 18150 A6 

1978 15861 A3 1989 18970 A7 

1979 16807 A5 1990 19328 A7 

1980 16919 A5 1991 19337 A7 

1981 16388 A4 1992 18876 A7 

(1): Years; (2): Enrollments;  (3): Fuzzified Values 

Table 1. Historical and fuzzified values 

With 7 intervals: 

Apply the VL to partition the universe of discourse 

Max.F(t) = 20000, Min.F(t) = 13000, �̅�(𝑡)= 16194 

Building  AX = (X, G, H, , , ), Let G = {C- = 

Low(Lw), C+=High (Hi)}, H = H-∪H+, H- = {Little (L)}, 

H+={ Very(V)} 

Follow (*) we have  W = 
16194−13000

20000−13000
 = 0.4563 

Continue study the  data of mathematical, we can choose µ(V) 

= 0,4563 and we have  fm(V.Lw)= (Lw)= 0.20821. 

 Based upon the distribution of historical values we can put 

the historical values into the following intervals:         

A1= [0, (VVV.Lw), (Lw)) where 0 and (Lw), espectively, 

are left and right border of  the linguistic values “ LVV.Lw” 

that mean ‘Little-Very-Very-Low’. Similarly, we have: 

A2 = [(Lw), (L.Lw), (LVL.Lw)); A3 = [(LVL.Lw), 

(VL.Lw), (VVL.Lw)), A4 = [(VVL.Lw), (VL.Hi), 

(LLVL.Hi)),   A5 = [(LLVL.Hi), (L.Hi), (LL.Hi)), A6 = 

[(LL.Hi), (VLV.Hi), (Hi)),  A7==[(Hi), (V.Hi), 1]. 

After calculating, we have: I1 = [13000,14457), I2 = 

[14457, 15598), I3 = [ 15598, 16029), I4 = [16029, 16752),  I5 

= [16752, 17750), I6 = [ 17750, 18263), I7 = [18263, 20000] 
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The semantically quantifying mappings: Rer(A1)= 13303, 

Rer (A2) = 15402, Rer(A3) = 15833, Rer(A4)=16625, 

Rer(A5)=17138, Rer(A6)=18029,  Rer(A7)=19207. 

From Table 1 we have the group of fuzzy logical 

relationships that show Table 2 as follows. 

Group 1 A1A1 (2), A1A2 

Group 2 A2A2 (5), A2→A3(2) 

Group 3 A3A3, A3A5 (2) 

Group 4 A4A2 

Group 5 A5A4, A5A5, A5A6 

Group 6 A6 A7 

Group 7 A7A7(3) 

Table 2. Group of fuzzy logical relationships 

We have the forecasting result as well as some recent 

method’s as follows:  

(1) (2) (3) (4) (5) (6) (7) (8) 

1972 13563 14347 13944 14279 13820 13884 14003 

1973 13867 14347 13944 14279 13820 13884 14003 

1974 14696 14347 13944 14279 13820 13884 14003 

1975 15460 15550 15328 15392 15402 15335 15510 

1976 15311 15550 15753 15392 15536 15495 15510 

1977 15603 15550 15753 15392 15536 15495 15510 

1978 15861 15550 15753 16467 16461 16513 15510 

1979 16807 16290 16279 16467 16461 16513 17138 

1980 16919 17169 17270 17161 17444 17394 17186 

1981 16388 17169 17270 17161 17444 17394 17186 

1982 15433 16209 16279 14916 15402 15335 15402 

1983 15497 15550 15753 15392 15536 15495 15510 

1984 15145 15550 15753 15392 15536 15495 15510 

1985 15163 15550 15753 15392 15536 15495 15510 

1986 15984 15550 15753 15470 15536 15495 15510 

1987 16859 16290 16279 16467 16461 16513 17138 

 

1988 18150 17169 17270 17161 17444 17394 17186 

1989 18970 18907 19466 19257 19135 18932 19207 

1990 19328 18907 18933 19257 19135 18932 19207 

1991 19337 18907 18933 19257 19135 18932 19207 

1992 18876 18907 18933 19257 19135 18932 19207 

RMSE 486.3 506.0 445.2 441.3 440.3 400.4 

            NE(%)     2.52 2.68 2.30 2.23 2.21  1.95 

            NNE(%) 6.43 6.93 5.88 5.84 5.83 4.52 

(1): Years; (2): Historical Values; (3): Chen et al 2013; (4): 

Wang et al 2014; (5): Lu et al 2015; (6): Result of [12]; (7): 

Result of [13]; (8): Proposed method. 

Table 3. Compare result of proposed method with some recent 

method’s (whit h=7) 

 With 17 intervals: 

Similarly, apply the proposed method for 17 intervals 

on the universe of discourse we will have the forecasting 

result as follows: 

(1) (2) (3) (4) (5) (6) 

1972 13563 13678 13544 13563 13582 

1973 13867 13678 13906 13867 13582 

1974 14696 14602 14683 14696 14457 

1975 15460 15498 15443 15447 15443 

1976 15311 15192 15395 15404 15447 

1977 15603 15641 15620 15603 15447 

1978 15861 15827 15919 15923 15371 

1979 16807 16744 16827 16833 16752 

1980 16919 17618 17559 17535 17031 

1981 16388 16392 16406 16388 16517 

1982 15433 15410 15433 15447 15433 

1983 15497 15498 15395 15404 15447 

1984 15145 15192 15160 15154 15371 

1985 15163 15567 15540 15539 15470 

1986 15984 15567 15540 15539 15470 

1987 16859 16744 16827 16833 16810 

1988 18150 17618 17559 17535 18156 

1989 18970 19036 19060 18970 18973 

1990 19328 19574 19167 19152 19297 

1991 19337 19146 19167 19152 19059 

1992 18876 19146 18878 18876 19059 

RMSE 256.3 237.7 237.6 216.1 

           NE(%) 
            

1.06 
1.03 1.02 

    0.97 

           NNE(%) 
            

2.81 
2.52 2.51 

    2.20 
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(1): Years; (2): Historical Values; (3): Lu et al 2015; 

(4): Result of [12] 2016; (5): Result of [13] 2016; (6): 

Proposed method. 

Table 4. Compare result of proposed method with 

some recent method’s 

In the field of time series research, RMSE, NE(%) and 

NNE(%)  criterias  are alway used to evaluate forecasting 

quality. 

RMSE=√
1

𝑛
∑ (𝑥′𝑖 − 𝑥𝑖)

2𝑛
𝑖=1 ,  NE(%)=

1

𝑛
∑ |

𝑥𝑖
′−𝑥𝑖
𝑥𝑖

|𝑛
𝑖=1 . 100 𝑎𝑛𝑑              

NNE=1

𝑛
∑ |

𝑥𝑖
′−𝑥𝑖

𝑥𝑚𝑎𝑥−𝑥𝑚𝑖𝑛
|𝑛

𝑖=1 .100  where xi’ is the forecasting 

value, xi is historical value and n is the number of forecasting 

values. This study is also used one to compare proposed 

method’s forecasting result with some recent method’s. Based 

upon RMSE criteria, we can see that proposed method’s 

RMSE is less than the others. That means proposed method 

forecasting result give more exactly forecasting resullt than 

the others. 

4. CONCLUSION  

Researchers who use information granules as models to 

predict time series has emphasized the inherent semantics of 

words, e.g. “Information granulation is inherent to fuzzy time 

series” and “Information granules are human-centric 

constructs capturing the semantics of the concepts of interest, 

which are inherent to all ensuing processes of 

abstraction”[11]. Information granules are linguistic values 

(or terms).  But  the inherent semantics of  term  is resulted 

from human knowledge hence depends on context. The 

context here is ‘the high or low level of the annual number of 

enrolled students at Alabama university’. ‘high’ and ‘low’ are 

the two main words whose semantics are used to describe the 

information within a context. Other words ‘little’ and ‘very’ 

are the impacting  words which have effect on ‘high’ and 

‘low’ to create mediate semantics to illustrate the ‘high’, 

‘low’ levels corresponding to the annual number of enrolled 

students at Alabama university. Hedge algebras is an 

approach to the inherent semantics of words to represent the 

semantics of information granules by fuzzy sets with their 

inherent semantics. With the definitions of ‘quantitative 

semantics mapping’, ‘fuzzy set based semantics of the words’, 

etc., the hedge algebras have constructed ‘a set of weights’ 

which ∈ [0,1] hence is a partition of [0,1] . The normalized 

historical data of time series (from 0 to 1) is distributed within 

this set hence is the basis for the optimal partitioning. Each 

partition has a quantitative semantics value which can be 

considered as   “semantics core”  meaning all the historical 

data belongs to this partition will lie around  this “semantics 

core”. The fuzzy parameters  of the HA are  determined based 

on the analysis of the relationship between the historical 

values of a given time series. Consequently, the forecasting 

enrollment has been solved by the Context-Aware  approach. 

 The  above  statements  fully explain  our  approach  

based on the inherent semantics of term  is easy to understand 

and simplicity in  practice to forecasting  enrollment  in fuzzy 

time series  with  remarkable accuracy  in comparison with 

the other  approaches  has published. 
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